Within the Dirac-Brueckner-Hartree-Fock approach, using the Bonn potentials, we investigate the properties of dense, asymmetric nuclear matter and apply it to neutron stars. In the actual calculations of the nucleon self-energies and the energy density of matter, we study in detail the validity of an angle-averaged approximation and an averaging of the total momentum squared of interacting two-nucleons in nuclear matter. For practical use, we provide convenient parametrizations for the equation of state for symmetric nuclear matter and pure neutron matter. We also parametrize the nucleon self-energies in terms of polynomials of nucleon momenta. Those parametrizations can accurately reproduce the numerical results up to high densities.
I. INTRODUCTION
Neutron stars are the most dense and exotic states of nuclear matter in the universe, and it is generally believed that the central density in massive neutron stars reaches several times higher than the normal nuclear density, n 0 B . Consequently, not only nucleons and leptons but also hyperons may exist stably in the core of neutron star. Because of this extreme situation, observations of neutron stars can provide very important information which cannot be obtained from terrestrial experiments, and thus have recently attracted much attention.
However, the detail of the properties of the core is still in the middle of an argument, although there have been extensive efforts to study it experimentally and theoretically. Because the appearance of hyperons in dense nuclear matter inevitably softens the equation of state (EoS), it is believed that the maximum neutron-star mass becomes seriously diminished if hyperons are created in the core of neutron star. As a result, the majority of theoretical approaches including hyperons, in which Quantum hadrodynamics (QHD) [1] in Hartree approximation (or mean field theory (MFT)) is mostly used, is ruled out by the reliable determination of the mass of pulsar J1614-2230, namely 1.97 ± 0.04M ⊙ (M ⊙ : the solar mass) [2] . (Recently, a new massive pulsar, J0348+0432, has been reported, and the mass is estimated to be 2.01 ± 0.04M ⊙ [3] .)
However, before concluding that the EoS including hyperons cannot explain the heavy neutron stars, it is very important to study the effect of in-medium two-nucleon correlations, which depends on the nuclear density, n B , on the EoS for the core matter. In this paper, we calculate the properties of dense, asymmetric nuclear matter using the Dirac-BruecknerHartree-Fock (DBHF) approach [4] [5] [6] [7] [8] [9] [10] [11] , which allows us to handle two vital ingredients:
short-range correlations in nucleon-nucleon (NN) force, which are not included in MFT, and relativistic many-body effects.
In MFT, in spite of the considerable uncertainty of nuclear matter properties, the mesonbaryon coupling constants are usually adjusted so as to reproduce such data on nuclear matter around n 0 B . Then, the same coupling constants (without density dependence) are mostly used even in the calculation for neutron stars 1 . Therefore, such extrapolation to extremely isospin-asymmetric and dense matter like neutron stars may be considered with skepticism.
In contrast, the DBHF calculation is based on the realistic NN interactions, which have been determined using a large amount of NN scattering data, and it can mostly reproduce the nuclear matter properties around n 0 B without any readjustment of the coupling constants 2 .
The reason for the great success of this method is the density dependence of the in-medium NN scattering amplitude mainly caused by the Pauli exclusion principle, the short-range NN correlations and many-body forces. Thus, it must be important even in the calculation for neutron stars.
However, the DBHF approach is quite complicated and demands enormous time for the calculation. As a result, it is not easy to perform the DBHF calculation for neutron stars even without hyperons, much less the inclusion of hyperons is quite difficult. Thus, it is very vital to reduce the calculation time and costs in order to actually perform the full DBHF calculation including hyperons in the future.
For such purposes, in this work, we study a dimension-reduction approximation in multidimensional integrals. In the DBHF approach, it is necessary to work out the coupled, two-dimensional integral equations to obtain the nucleon self-energies. Furthermore, to calculate the energy density of matter, we have to solve the three-dimensional integrals.
Such calculations actually require enormous time. Then, to reduce the dimension of integrals and carried out the calculation with less computation time, we exploit an angle-averaged approximation and an averaging of the total momentum squared of interacting two-nucleons in nuclear matter. In particular, we find that the angle-averaged approximation, which has for the first time been used in the DBHF calculation by Horowitz and Serot [1, 4] to study the nuclear matter properties around n 0 B , is very useful and accurate even in the calculation for dense nuclear matter. We then calculate the mass-radius relation for neutron stars solving the Tolman-Oppenheimer-Volkoff (TOV) equation [14] , and examine the validity of those approximations in the calculation for neutron stars.
For practical use, we also provide convenient parametrizations for the EoSs for symmetric
In the quark-meson coupling (QMC) model [13] , the σ-baryon couplings depend on the scalar density in matter. 2 We note that the values of coupling constants used in MFT are, of course, quite different from those in the DBHF calculation.
nuclear matter and pure neutron matter. In addition, we parametrize the nucleon selfenergies in terms of polynomials of nucleon momenta. Those parametrizations can accurately reproduce the numerical results up to high densities (∼ 1.2 fm −3 ).
The paper is organized as follows. In Sec. II, the DBHF approach is reviewed briefly. In Secs. III A , III B and III C, we respectively present the numerical results for the properties of symmetric nuclear matter, the validity of the dimension-reduction approximation and the parametrizations for the nucleon self-energies and the EoSs for nuclear matter. Finally, we
give a summary and conclusions in Sec. IV. Throughout this work, we shall use the notation conventions used in Ref. [4] .
II. DIRAC-BRUECKNER-HARTREE-FOCK CALCULATION
In the DBHF approximation, the nucleon in asymmetric nuclear matter is described by a set of three, simultaneous integral equations: the Bethe-Salpeter equations, single-particle proper self-energies and Dyson's equations. The two-nucleon correlations in matter are then expressed by the effective interactions, Γ, which are given by the solutions to the coupled, ladder-approximated Bethe-Salpeter equations:
where i or j denotes neutron (n) or proton (p), and the superscript, dir (ex), stands for the direct (exchange) term in the two-nucleon scattering. The ladder-approximated Bethe-
Salpeter equations sum to all orders the one-boson-exchange (OBE) interactions, V , between two nucleons. Here, Q av is the angle-averaged Pauli exclusion operator, andg denotes an approximated two-nucleon propagator [4] . The use of these quantities allows us to reduce the four-dimensional integral equations, Eqs. (1) - (3), to two-dimensional ones, which makes the further numerical calculation in the center-of-mass frame of the interacting two nucleons feasible. In the present calculation, asg, we use the Thompson propagator,g T h [15] .
The self-energy, Σ, is connected to the effective interaction in a nuclear medium by summing up all orders of direct and exchange diagrams. It is given by
where G j is the Green's function of interacting nucleon. In addition to Eqs. (1)- (4), to impose self-consistency, the Dyson's equation must be satisfied:
where G The self-energy in a uniform matter can generally be written as
The energy density of nuclear matter, E, is composed of the kinetic and potential energies, which are given in terms of Γ as
with
where P and p are, respectively, the total and relative momenta for the interacting two nucleons in the matter-rest frame. Using the spinor, Eq. (10), in that frame, the matrix element,Γ ij , is calculated bỹ
The calculation of the potential part, Eq. (13) , is explained in Appendix B.
III. NUMERICAL RESULTS
We present our results of the DBHF calculation, in which we use the Bonn potentials for the NN interaction [6] and the subtracted T-matrix representation explained in Appendix A (see also Ref. [8] ). There are three kinds of Bonn potentials, namely Bonn A, B and C, where the NN potential is generated by the exchanges of σ, δ, η, π, ω and ρ mesons, and is parametrized so as to reproduce the deuteron properties and the phase shifts of NN scattering [6, 16] . The difference among the three potentials is primarily caused by the strength of the tensor force.
In this paper, our calculation mainly follows the method given in Ref. [4] . However, we use the subtracted T-matrix representation [8] in the self-energy calculation. As we will see below, the present results are, however, slightly different from those in Ref. [8] , even though we employ the same subtracted T-matrix representation as in Ref. [8] . The reason for it is that, in the calculation of the energy density at the matter-rest frame, we directly use the matrix elements of Γ given in Eq. (14) , which remain unchanged under Lorentz transformation, while, in Ref. [8] , the energy density is calculated by Eq. (29) in Ref. [7] , in which, instead of Γ, the self-energies at the rest frame are used. However, in spite of this difference, the result in Ref. [8] is very close to the present one up to high densities.
Because various results for nuclear matter given by the DBHF calculation have already been reported elsewhere [4] [5] [6] [7] [8] [9] [10] [11] , we here focus on two topics: (1) the validity of the angleaveraged approximation and the averaging of the total momentum squared of the interacting two nucleons in matter, (2) parametrizations for the nucleon self-energies and the EoSs for symmetric nuclear matter and pure neutron matter.
A. Properties of nuclear matter in the DBHF approach
Before we present the main result, we summarize our results for the properties of nuclear matter. In Fig. 1 , we show the binding energies per particle for symmetric nuclear matter and pure neutron matter in the vicinity of saturation density, n 0 B . In the figure, the rectangular area shows the region of saturation point for symmetric nuclear matter suggested by various semi-empirical data [17] , that is E/n We can see that the saturation points calculated by Bonn A and B are in the rectangular region (see also Table I , in which we list the several properties of symmetric nuclear matter at the saturation points). On the other hand, the result of Bonn C is located outside the region. It may implies that the strength of the tensor force in the interaction strongly relates to the position of the saturation on the Coester band. Therefore, it might be interesting to take the averaged values of parameters for the Bonn A and B potentials (which we call Bonn AB) and see how such parameters give the saturation properties. The result of Bonn AB is also shown in Fig. 1 and Table I . From the figure, as expected, we can see that the resulting saturation point lies in between those of Bonn A and B.
For the case of pure neutron matter, the binding energies for Bonn A, B, C and AB are very close one another, because the tensor force mainly influences the
states in the two-nucleon system with total isospin T = 1, and thus it gives less impact on pure neutron matter [18] . . The values of the binding energy per particle, E/n 0 B − M N , the incompressibility, K, the symmetry energy, S, the slope parameter, L, and the effective mass, M * N are in MeV, and the Fermi momentum, k 0 F is in fm −1 . We comment on the properties of symmetric nuclear matter. In MFT, it is indispensable to include nonlinear σ-meson terms phenomenologically to obtain the correct value of the nuclear incompressibility, K = 210 ± 30 MeV [19] . In contrast, it is not necessary to consider such nonlinear terms in the DBHF approach. It is remarkable that, in the Bonn A, the incompressibility, K, is estimated to be 233 MeV. However, the symmetry energy, S, and the slope parameter, L, in Bonn A are slightly larger than the values suggested in Ref. [20] . This may be caused by the fact that the saturation point in Bonn A is located at the relatively deeper binding energy and higher density in the allowed, rectangular region.
We note that the present DBHF calculation can provide the similar results of the density dependences of symmetry energy and the pressure for symmetric matter to those calculated in Ref. [9, 10] .
Hereafter, we shall use the Bonn A potential as the optimum interaction.
B. Dimension-reduction approximation for multi-dimensional integrations
To perform a realistic calculation of the EoS for neutron stars, it is necessary to take into account the N-hyperon (Y) and YY interactions as well as the NN interaction, in which we have to consider a lot of two-baryon channels. Because such calculations should be carried out in a wide range of nuclear densities, for example, n B = 0 ∼ 1.2 fm −3 , we need an enormous amount of calculation time. As an attempt to reduce calculation time, we study a dimension-reduction approximation for multi-dimensional integrations in the calculations of self-energies and energy density.
In the self-energy calculation, the components, Σ S , Σ 0 and Σ V , are calculated by twodimensional integral equations (see Eqs. (A1) -(A6) in Appendix A). We here try to reduce those to one-dimensional ones by exploiting the angle-averaged approximation (see Appendix A and Ref. [4] ). We respectively call the self-energies calculated by the two-dimensional integral equations and those by the one-dimensional ones Σ2d and Σ1d.
In Fig. 2 , we show the results of Σ1d and Σ2d in symmetric nuclear matter as a function of the total baryon density, n B . As seen in Fig. 2 , the curves of Σ1d agree very well with those of Σ2d, i.e. the full calculations, over a wide range of density, which implies that the angle-averaged approximation in the self-energy works very well. As a consequence, we can replace Σ2d by Σ1d not only at low densities but also at high densities.
The potential energy, V ij , in the energy density is calculated by the three-dimensional integral (Eq. (B1) in Appendix B), and thus, it is necessary to somehow approximate it.
By assuming the angle-averaged approximation, we can again reduce the three-dimensional integral to two-dimensional one. We call the result with this assumption E2d, while we call the result of the full calculation E3d. In addition, if we adopt the averaging of the total momentum squared of the interacting two nucleons in matter, the two-dimensional integral is further reduced to one-dimensional one (see Appendix B). We call this result E1d.
In Fig. 3 , we compare the full result, E3d, with the approximated ones, E1d and E2d.
The three solid (or dashed) curves are in good agreement below n B ≃ 0.5 fm −3 . However, increasing the total baryon density, increases the discrepancy between E3d and E1d, which implies that the full calculation cannot be approximated by E1d at high densities. In contrast, the difference between E2d and E3d is still rather small even at high densities.
Next, using Σ1d, we calculate the neutron-star mass as a function of the radius, which is given in Fig. 4 . We also list the properties of neutron stars in Table II . The present calculation is restricted to the neutron-star matter composed of protons, neutrons, electrons and muons. Under the conditions of charge neutrality and β-equilibrium in weak interaction,
we solve the TOV equation [14] to obtain the mass-radius relation. So far, in the DBHF calculation, the EoS for neutron-star matter is calculated by using the parabolic interpolation between the EoSs for symmetric nuclear matter and pure neutron matter (see, for example, Ref. [10, 11] ). However, in the present work, we calculate the EoS for asymmetric nuclear matter without such interpolations.
As expected from the result shown in Fig. 3 , the EoS by Σ1d − E3d gives the heaviest mass, 2.33 M ⊙ , and the large difference between the maximum masses by Σ1d − E3d and Σ1d − E1d is seen in Fig. 4 . However, the mass by Σ1d − E2d is very close to that by Σ1d − E3d.
Thus, we can conclude that the combination of approximations, Σ1d and E2d, to the calculations of self-energies and energy density is the most suitable one to save calculation time. Furthermore, we may be able to expected that the difference between E3d and E1d becomes smaller in the neutron star containing hyperons as well as nucleons, because the creation of hyperons reduces the fraction of nucleon density in matter, and thus the high density part in Fig. 3 may not contribute much to the EoS in such cases.
C. Parametrizations
For convenient use of the DBHF result, we provide useful parametrizations for the selfenergy components and the EoS for nuclear matter.
Each component of the nucleon self-energy, which depends on the momentum, k, and the Fermi momentum, k F i (i = p or n), can be parametrized by the following, power-series expansion:
These are fitted so as to reproduce the results of the full (Σ2d − E3d) calculation with Bonn A, and valid for the region of 0.03 fm
, where Y p is the proton fraction, Y p ≡ n p /n B , with n p being the proton density. In addition, we also provide parametrizations for the EoSs for symmetric nuclear matter (s.n.m.) and pure neutron matter (n.m.) in terms of polynomials of the nuclear density: 
where n B is in fm −3 . These are again fitted to the results of the full calculation with Bonn A. In Eqs. (21) and (22), the density region is divided into two parts at n B = 0.3 fm −3 , and, at that density, the value of polynomial function and its derivative are respectively continuous. These parametrizations are shown in Fig. 5 , and they work very well up to very high density.
For the calculation of asymmetric nuclear matter, it may practically be convenient to use the parabolic interpolation between Eqs. (21) and (22) The green curve is for the result by Σ1d − E3d (without the interpolation), while the pink curve is for that by the interpolation between Eqs. (21) and (22).
results by the interpolation and Σ1d − E3d is not large (see Fig. 6 ).
IV. SUMMARY AND CONCLUSIONS
Using the DBHF approximation, we have investigated the properties of isospinasymmetric nuclear matter not only in the vicinity of saturation density but also for high densities, and have applied the DBHF approach to neutron stars.
We have first confirmed that the present DBHF approach, in which the subtracted Tmatrix representation is applied to the Bethe-Salpeter equations with the Bonn potentials, can mostly explain the observed, saturation properties of symmetric nuclear matter. Next, since the DBHF calculation is very complicated and needs enormous calculation time, to handle it as easily as possible, we have examined a dimension-reduction approximation, namely the angle-averaged approximation and the averaging of the total momentum squared of the interacting two nucleons in matter, in the calculations of nucleon self-energies and energy density of matter.
By applying the angle-averaged approximation, the self-energy components can be cal-culated very accurately by the one-dimensional integral equations up to high densities (∼ 1.2 fm −3 ). However, in the calculation of energy density, which requires the threedimensional integral, the validity of the dimension-reduction approximation depends on the total baryon density, that is, by applying both the angle-averaged approximation and the averaging of the total momentum squared of two nucleons, the three-dimensional integral can be well approximated by the one-dimensional one in the vicinity of saturation density, n 0 B , while, at high densities, the averaging of the total momentum squared does not work well, and thus we must at least handle the two-dimensional integral.
In the present paper, we have provided simple and useful parametrizations for the nucleon self-energies and the EoSs for symmetric nuclear matter and pure neutron matter, which are fitted so as to reproduce the results of the full DBHF calculation and cover the density
Finally, we comment on future works. We have not considered the degrees of freedom of hyperons in the present calculation. It is generally believed that the inclusion of hyperons in neutron stars inevitably softens the EoS and thereby the maximum mass of neutron star is seriously reduced. However, it might be premature to conclude so, because, within relativistic Hartree-Fock approximation, the creation of hyperons in neutron stars is strongly suppressed and thus the EoS is not so soften [13] . In any case, it is very vital to perform the full DBHF calculation including hyperons as well as nucleons to address this issue. The dimension-reduction approximation we have proposed in the present paper may help us accomplish such heavy DBHF calculations.
It is also important to consider the K-and K * -meson exchanges between two baryons in matter. In MFT, they do not contribute to the EoS because of the absence of Fock diagrams.
When the Fock terms are taken into account, the K-and K * -meson exchanges mix some baryons in matter. The π and ρ mesons also mix the Σ and Λ through the Fock diagrams.
At very high density, the quark and gluon degrees of freedom, rather than the hadron degrees of freedom, take place in neutron stars [21] . Thus, it is eventually necessary to take into account such degrees of freedom and consider the phase transition between the quark-gluon and hadron phases.
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Appendix A: Self-energy components
The effective interactions, Γ, in the ladder-approximated Bethe-Salpeter equations, Eqs.
(1)- (3), are most conveniently calculated in the center-of-mass frame of the interacting two nucleons. In contrast, using the Γ, the self-energies, Eq. (4), must be calculated in the matter-rest frame. Therefore, the effective interactions, Γ, have to be transformed between the two frames.
The present calculation of the self-energies follows the works by Faessler's group [8, 9] , In the ps representation, the components of on-shell self-energy are given by
with ξ ms and ξ mv being the exchange coefficients (see Table III ). In the complete pv representation, they are written as 
with a linear transformation
Here, k (q) is the three momentum of nucleon i (j), and |k Because, in the self-energies, the azimuthal integral in spherical coordinates (q, θ, φ)
can be performed analytically, the three-dimensional integrals are reduced to the twodimensional ones. However, because the two-dimensional integrals still require enormous calculation time, the calculation of the self-energies is not an easy task. Hence, it is very useful to find an appropriate approximation to reduce calculation time further.
In Ref. [4] , exploiting a trajectory, which is defined by the relative momentum
and, using the angle averaging over the anglek ·t (k andt being the unit vectors along k and t, respectively) in Eqs. (A1)-(A6), the two-dimensional integrals are reduced to the onedimensional ones. Thus, using this method, the angle-averaged value of the total momentum squared, P 2 av , and the effective energy, E * j av , can be written as
with t = |t| and dΩ t = sin θ dφdθ. (k F j +k) The potential energy, V ij , in Eq. (13) can be rewritten as V ij = 1 (2π) 4 p 2 dp P 2 dP
with p ≡ |p|, P ≡ |P | and µ ′ ≡P ·p. This involves the three-dimensional integral, and, at each mesh of (p, P , µ ′ ), we need considerable calculation time for obtainingΓ ij . We thus approximate the integral, using the angle-averaged approximation, as discussed in the Appendix A.
First, using the angle-averaged, effective energy, E
